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Definitions and reminders

Let K be a field h € K[z] be unitary polynomial of degree n.
By analogy with the definition of cyclotomic polynomials, for any integer
v

v >1, one sets &, 4(z) = H (h*(z) — Z)N(g), where 1 is the

dlv
arithmetical M&bius function, notice that ®; 4(z) = h(z) — z. At first
glance &, p(z) is a rational fraction. But in fact, one can prove that

&, 4(z) is a polynomial with degree deg(® Zu ( )
dlv

Définition

Let v be a positive integer and h be a polynomial with coefficients in K.
The rational fraction @, 4(z) € K(z) is a polynomial said to be
dynatomic polynomial associated with polynomial h.

The degree of &, 4 is deg (P, ) Zp( > deg h)
d|v
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Définition

An element « of the algebraic closure K of K is a periodic point of h, if
there exists an integer v > 1 such that h°’(a) = a. Hence « is said to
be a periodic point of order v or a v-periodic point.

Furthermore « is said to be a periodic primitive point of v or primitive
v-periodic point if it is v-periodic and for any integer 1 < j < v, one has

hi(a) # a.

Lemma

If the polynomial h admits a primitive v-periodic point «, then

¢V7h(a) =0.

Conversely, if one supposes that the v-dynatomic polynomial ®, 4 is
separable, i.e. its roots are simple, then the primitive v-periodic points of
h are the roots of @, 5.
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The polynomials h written in the form h(z) = z + g(z).

|. The polynomials g, (z).

e Let us consider the polynomial h written in the form

h(z) = z + g(z), deg(h) > 1.
It follows that if h(z) # z, one has deg(h) = deg(g).

e For any positive integer v, we shall put h°” = z + g,(z), with
go(z) =0 and g1(z) g(z). One has:

8,(2) = h*(z) — z = [ [ ®q, n(z) and &, 4(z) = [ ] &a(2)"(%).
dlv dv
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© The polynomials h written in the form h(z) = z + g(z)

@ Examples in a complete valued field with residue characteristic
p # 0.

Dynatomic polynomials associated with distinguished polynomials.



The polynomials h written in the form h(z) = z + g(z) te valued field with residue characteristic p # 0
vlynomial for h(z) = ag + z + 29,0 # ag € pZp

The polynomials h written in the form h(z) = z + g(z).

[I. Examples in a complete valued field with residue
characteristic p # 0

o Let us remind that if A is a commutative local ring with maximal
ideal M, a unitary polynomial
g(z) =a0+a1z+ -+ as_1z° 1+ z° € A[Z] is distinguished if a;
belongs to M, for 0 < j <s—1.

@ Let us notice that if A is a discrete valuation ring, any Eisenstein
polynomial is distinguished.
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The polynomials h written in the form h(z) = z + g(z).

Let L be a complete ultrametric valued field, we denote by A, its ring of
valuation, by M, the maximal ideal of A; and L = A/ M|, the residue
field of L. In the sequel we assume that the residue characteristic of L is

a prime number p.

Let L be a complete ultrametric valued field of residue characteristic
p # 0, g a power of p. Set h(z) = z + g(z).
Reducing the polynomial g, (z) = h°”(z) — z, v > 1, modulo the ideal

M, [z] of AL[z], one obtains in L[z] the formula: g,(z) = Z <V> 27

=0 N
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Corollary

Let L be a complete ultrametric valued field of residue characteristic

p # 0.
Let g(z) = ap + a1z + -+ + ag_12971 + z9 be a distinguished polynomial
over the valuation ring A, of L with degree g a power of p. Then:
o For any integer v > 1, the polynomial g,,(z) € L[z] is an additive
polynomial.
@ Therefore g(0) =0, i.e. |g,(0)] < 1.

Corollary

Let L be a complete ultrametric valued field of residue characteristic
p#0. Let g(z) = ap + a1z + - + ag_1z9* + z9 be a distinguished
polynomial over the valuation ring A; of L with degree g a power of p.
Then for any integer v > 1, the derivative of the polynomial

h°¥(z) = z + g,(2) is such that (h°”)'(z) = 1(mod. M[z]), where M,
is the maximal ideal of A;.

SYLLA Djeidi Dynatomic polynomials associated with distinguished polynomials.



The polynomials g
The polynomials h written in the form h(z) = z + g(z) Examples i te valued field with residue characteristic p # 0
The p®-dynatomic polynomial for h(z) = ag + z + 29,0 # ag € pZp

The polynomials h written in the form h(z) = z + g(z).

Lemma

Let L be a complete ultrametric value field with valuation ring A.
Let f(z) =co+c1z+ -+ cm12" 1 + cpnz™ € AL[Z], such that
lem| = 1.

If a is a root of f in an algebraic closure of L, then |a| < 1.

Proposition

Let L be a complete ultrametric valued field of residue characteristic

p # 0.
Let g(z) = ag + a1z + - + ag_1z29"* + z9 € A,[z] be a distinguished
polynomial of degree g a power of p. Put h(z) = z + g(z). Then:
o For any integer v > 1, the v-periodic points of h are indifferent
points.
@ Let a be a periodic point of order v in an algebraic closure of L.
One has |a| < 1. Furthermore in the field extension K = L[a] of L,
the closed disc D} (v, 1) is a Siegel disc of a in K.
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I1. The p’~-dynatomic polynomial for h(z) = ap + z + z9,
0 # ag € pZp.

Let g = p° be a power of the prime p, The polynomial g(z) = z9 is a
particular distinguished polynomial with coefficients in the ring of p-adic
integer Zp.

Proposition (Moton and Patel, 1994 )

Let g = p® be a power of the prime number p.

Assume that g(z) = z9.

Then for any power p® of p the dynatomic polynomial ®pe o450 is an
Eisenstein polynomial with coefficients in the ring of p-adic integers Z,

£—1

and degree qu —qP
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Let h(z) = z+ z9 where g > 1 is a power of the prime number p.
@ For any power p’, £ > 1 of p; the primitive p‘-periodic points o of
h(z) = z + z9 are the roots of the dynatomic polynomial ®, . ...
e Each algebraic extension K = Q,[a] is totally ramified of degree
g?" — q°"" and contains the p‘-cycle {a, h(@), - - - ,hpzfl(a)}.

We shall give below a kind of generalization of the above results obtained
for the polynomial h(z) = z + z9.
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Theorem (Diarra and Sylla, 2020)

Let p be a prime number.

Let g be a power of p such that g > 3. Consider the distinguished
polynpomial of the form g(z) = ag + z9 € Z,|[z], with ap # 0 and
h(z) = ap + z + z9.

e For 1 </ < q— 2, the dynatomic polynomial ®,¢ ,(z) is an
Eisenstein polynomial. The primitive p‘’-periodic points of h are the
roots of ® ¢ p(2).

o If ais a primitive p‘-periodic points, then the field extension
K = Qpla] of Qp, is totally ramified of degree qf’lZ — qph1

o Furthermore, if 3 is a p‘-periodic point of h, then or 3 is a fixed

point of h: hence a root of g(z) = ap + 29, or there exists an integer
Jj with 1 < j < ¢ such § is a primitive p/-periodic point of h.
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Corollary

With the above notations, if o is a primitive p’-periodic, the totally
ramified extension K = Q,[a] of Q, contains the p‘-cycle
Z 1

{a,h(a), - ,h°P" (a)}. The number of p‘-cycles in the Galois field of
1
the polynomial ® . ,(z) is equal to e (qp — qpe 1).

Remark

The results stated in this subsection remain true if in place of Z,, one
takes ag € M, the maximal ideal of A; the valuation ring of a finite
unramified extension L of Qp; because one has M; = pA;.
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The p-adic 3-periodic points of
h(z) = ag+z+ 29, vp(ag) > 1
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The p-adic 3-periodic points of h(z)
Vp(ao) > 1.

Let g be a power of p. Consider the distinguished polynomial of the form
g(z) = ap + z9 € AL[z], with coefficients in the valuation ring A; of a
complete ultrametric valued field L residue characteristic p, ag # 0 and
h(z) = ap + z + z9.

If v is prime number the v-dynatomic polynomial associate to h(z) is

give by &, p(z) = hh(S)—_zz = i’((zz)) Therefore

17 . v - q
O, 4(2) = Z <j>zqdq = <Z <]J/_>z‘f 1> . In particular, for
j=1

j=1

v =3, one has &5 4(z) = (3+ 32971+ 27 1)a.

Let us notice that if p # 3, then any root a of ®3 4, is of absolute value
la] = 1.
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The p-adic 3-periodic points of h(z) = ag + z + 29,

Vp(ao) > 1.

Proposition

Let L be a complete ultrametric valued field of residue characteristic

p # 0 and g(z) = ap + z9 be a binomial that is a distinguished
polynomial in the ring of valuation A, of L, with g a power of p.

Then the set of the primitive 3-periodic points of h(z) = ag + z + z9 is
equal to the set of roots of the 3-dynatomic polynomial ®3 .

A consequence is that the polynomial ®3j is separable.

The number of 3-cycles of h(z) = ag + z + z9 is equal to

1
3de8(®s, 1) = 1(¢® —q).
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© The p-adic 3-periodic points of h(z) = ag + z + 29, v,(ag) > 1
@ Thecase p=2and g=2
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The p-adic 3-periodic points of h(z)
Vp(ao) > 1.

|. The case p =2 and g = 2.

We take here L = Qy, g = 2. Then g(z) = ap + 22, with ag € 2Z, and
h(z) = z+ g(z) = ap + z + 2°.

Reducing modulo 2Z,[z], one obtains directly the formula

D3 4(z2) =2 +22+1= (B +2z+1)2 Pz

Lemma

Assume that ag belongs to 47Z,.
Then the 3-dynatomic polynomial ®3 j, of the polynomial
h(z) = ap + z + 22 is irreducible.

RENELS

Assume that ag = 2bg, with |bg| = 1.
Unfortunately, we cannot apply Schonemann criterium here to ®3 5.

| A
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The p-adic 3-periodic points of h(z) = ag + z + 29,

Vp(ao) > 1.

Theorem (Diarra and Sylla 2020)

Assume that ag belongs to 47Z,.
Let h(z) = ag + z+ z2 and 3 be a root of the irreducible polynomial ®; j.

Put K = Qa[f]. Let w = lim 3% € K and E = Q,[w]. Then
n—-+oo

@ E is the maximal unramified extension of @, contained in K.

@ The algebraic extension K|E is totally ramified of degree 2 with
an uniformizer 7 = 33 + 3 + 1.
Moreover K|Q, is a Galois extension, its Galois group is isomorphic
to Z/6Z.

o The number of the 3-cycles of the polynomial h(z) = ag + z + 22 is
2.
If v is the conjugate of 3 in the quadratic extension K|E, then the

3-cycles of h are (3, h(B), h°3(3)) and (v, h(7), h°*(%)).

SYLLA Djeidi Dynatomic polynomials associated with distinguished polynomials.



e p
The case
sep =25z @ =15
The p-adic 3-periodic points of h(z) = ag + z + 29, vp(ag) = 1 B EED el

Th p=7andqg=7

Outline
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The p-adic 3-periodic points
Vp(ao) > 1.

[l. The case p =3 and g = 3.

If p=3, and g(z) = ap + z*> € Qs[z] is a distinguished polynomial and
h(z) = ap + z + z°, one has ®3 4(z) =3 + 3233 4 733 — ;24

If p=3and g(z) = ap + 2> € Qs[z] is a distinguished polynomial, then
for h(z) = ag + z + z3, the 3-dynatomic polynomial ®3 5 is an Eisenstein
polynomial.
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The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

Proposition (Diarra and Sylla, 2020)

Let K3 be the subfield of the 3-adic complex number field C3 generated
by the roots of the 3-dynatomic polynomial ®3 , . ,:(z), |ag| < 1. Then

24
@ The number of 3-orbits of h is equal 3= 8.

e For any primitive 3-periodic point of h(z) = ag + z + z3 the orbit
{8, h(B), h°*(B)} is contained in Q3[3]. There are at most 8 distinct
subfields of K3 defined by the roots of ®3 , ., ,3(2).
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© The p-adic 3-periodic points of h(z) = ag + z + 29, v,(ag) > 1

@ Thecase p=5and g=5
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The case p = 7 and q = 7

The p-adic 3-periodic points of h(z) = ag + z + 29, vp(ag) = 1

The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

[Il. The case p =5 and g = 5.

Let g(z) = ag + z° € Zs[z] be a distinguished polynomial and
h(z) = z+ g(z) = ap + z + z°. One has
®34(z) = (3+32* + z52—1)5 = (34 32% + 224)°

Proposition

For ag € 5Zs, the polynomial ®3 , . ,5(z) € Qs[z] is irreducible.
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The case p = 7 and q = 7

The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

Theorem (Diarra and Sylla)

Assume that ag belongs to 5Zs.
Let h(z) = ag + z+ z° and 3 be a root of the irreducible polynomial ®s j.

Put K = Qs[8]. Letw = |iT A" € K and E = Qs[w]. Then
n——+oo

@ E is the maximal unramified extension of Q5 contained in K.

@ The algebraic extension K|E is totally ramified of degree 5 with
an uniformizer 7 = 3 + 38* + 3%+

@ The number of 3-cycles of h(z) = ap + z + z° is equal to 40.
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The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

IV. The case p=7 and g = 7.

Let g(z) = ap + z" € Z|z] be a distinguished polynomial and
h(z) =z+g(z) = ao+ z+ z' € Zz[z]. One has
®34(z) = (3+32° + 29",
336
deg(®3(2)) = 72 — 7 =336 and ®3,(2) = [ [(z — B:) € C7[2].
i=1

We shall put 3 4(z) = [ ] ®i(2).

Jj=1
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The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

For the polynomials ¢;(z), 1 < ;<6

Let us consider W written in the form W(z) = H ®;(z), one has

Jj=1
6

V) =[[z-0= [ (-

=1 neFs
Let Z, be the set of roots of W. Since h(z) permutes the roots of W(z)
if B € Zy, then the 3-cycle (8, h(B), h°%(B)) is in Zy.

Proposition

Let B be a root of ®;, 1 < j <6, then:
e Q7[A] is equal to Q7 or is a totally ramified extension of Q.
@ The number of the 3-cycles is 14
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The p-adic 3-periodic points of h(z) = ag + z + 29, vp(ag) = 1
The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

For the Polynomial ¢;(z)

The polynomial @7 is such that ®7(z) = we(z)" = (2° — 3)" € Fy[Z] .

Proposition

Put 27 = {8 € C7/ws(B) = 0}, the set of roots of ®7. Then if 3 € Z7,
one has h(3) € Z7. Furthermore Z7 is a partition of 14 subsets of
3-cycles.
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The p-adic 3-periodic points of h(z) = ag + z + 29, vp(ag) = 1
The p-adic 3-periodic points of h(z) = ag + z + 29,
Vp(ao) > 1.

For the Polynomial ®3(z)

The polynomial ®g is such that
Pg(z) = wg(2)" = (23¢ + 4230 + 5218 + 2712 + 1)7.

Proposition

Let Zg = {8 € C7/wg(B) = 0}, the set of roots of dg(z).

Let us consider Z4, the set of the 3-primitive periodic points, that is the
set of roots of 3-dynatomic polynomial ®3 .

Then Zg = Zy \ (Zﬂ, U 27).

Since Z, and Z7 are invariant by h then Zjg is also invariant by h. Hence
for any 3 € Zg the 3-cycle (83, h(B), h*(B)) is in Zg. Furthermore Zg is

a partition of 84 = =3 subsets of 3-cycles.
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5

The p-adic 3-periodic points of h(z) = ag + z + 29, vp(ag) = 1

Thanks
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